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Stress Gradient Effect on the Buckling of Thin Plates 
Cheng Yu i , Benjamin W. Schafer2 
Abstract 
This paper presents an analytical method to calculate the buckling stress of a 
rectangular thin plate under nonuniform applied axial stresses. Two cases are 
considered, buckling of a plate simply supported on all four sides and buckling 
of a plate simply supported on three sides with one unloaded edge free and the 
opposite unloaded edge rotationally restrained. These two cases illustrate the 
influence of stress (moment) gradient on stiffened and unstiffened elements, 
respectively. The axial stress gradient is equilibrated by shear forces along the 
supported edges. A Rayleigh-Ritz solution with an assumed deflection function 
as a combination of a polynomial and trigonometric series is employed. Finite 
element analysis using ABAQUS validates the analytical model derived herein. 
The results help establish a better understanding of the stress gradient effect on 
typical thin plates and are intended to lead to the development of design 
provisions to account for the influence of moment gradient on local and 
distortional buckling of thin-walled beams. 
Introduction 
The design of thin-walled beams traditionally involves the consideration of both 
plate stability (local buckling) and member stability (lateral-torsional buckling). 
Plate stability is considered by examining the slenderness of the individual 
elements that make up the member and the potential for local buckling of those 
elements. Member stability is considered by examining the slenderness of the 
cross-section and the potential for lateral-torsional buckling. Member stability 
modes, such as lateral-torsional buckling, occur over the unbraced length of the 
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beam, which is typically much greater than the depth of the member (Lid» 1). 
Classical stability equations for lateral-torsional buckling are derived for a 
constant moment demand over the unbraced length. For beams with unequal end 
moments or transverse loads, the moment is not constant and the moment 
gradient on the beam must be accounted for. In design, this influence is typically 
captured in the form of an empirical moment gradient factor (Cb) which is 
multiplied times the lateral-torsional buckling moment under a constant demand. 
The moment gradient, which so greatly influences the member as a whole, also 
creates a stress gradient on the plates which make up the member. In this paper, 
we investigate the influence of stress gradients on plate stability, which for 
unstiffened elements and potentially for distortional buckling of edge stiffened 
elements, may represent an· important effect for properly capturing the actual 
stability behavior. In particular, for distortional buckling, ignoring the influence 
of moment gradient potentially ignores a source of significant reserve. In 
practice, one of the most common cases with a danger for distortional buckling 
includes high moment gradients: the negative bending region near the supports 
(columns) of a continuous beam. Since the compression flange behavior 
generally characterizes the distortional buckling of sections, the stress gradient 
effect on the flange is of practical interest to moment gradient influence on the 
beams. 
For plate stability, or local buckling, the influence of the stress gradient is 
typically ignored in design. Figure 1 provides a variety of classical plate 
buckling solutions that are intended to help indicate why moment gradient has 
been traditionally ignored for local buckling. The results are presented in terms 
of the plate buckling coefficient k as a function of the plate aspect ratio jJ=alb 
for different numbers of longitudinal half sine waves, m. where: 
(J cr = k" 2 D I( b 2 t) and the plate of length a, and width b, is simply supported at 
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Figure 1 Buckling of uniformly compressed rectangular plates 
Figure 1 indicates that when the unloaded edges are supported, the length of the 
buckled wave is quite short and many buckled waves (high m) can form in even 
relatively short lengths. When one of the unloaded edges is unsupported (e.g. 
fix-free) the behavior is modified from the supported case and now even at 
relatively large /3 values the number of expected half-waves (m) are small. The 
behavior of the ss-free case is particularly interesting. Instead of the distinct 
garland curves of the earlier cases, now for higher /3, the single half-wave case 
(m=l) asymptotes to k=0.425 instead of increasing for large /3. For the ss-free 
case multiple wavelengths (m) all yield similar solutions for large /3. 
To connect the plate solutions of Figure 1 to actual beams, consider the top 
flange of the beams of Figure 2. Local buckling of the compression flange of the 
hat of Figure 2(a) is somewhere between the ss-ss and fix-fix case of Figure 1. 
What would be the influence of moment gradient on the local buckling of the 
compression flange in this solution? One anticipates that even a sharply varying 
moment gradient is unlikely to change the stress demands on the flange 
significantly. Therefore, traditional local buckling of a stiffened element - such 
as the compression flange of the hat - is assumed to not require modification 
due to the moment gradient. However, now consider the channel of Figure 2(b). 
As the compression flange buckles the web/flange juncture provides support 
somewhere between the fix-free and ss-free case of Figure 1. The potential that 
moment gradient may have influence on the buckling results is real. Further, and 
somewhat counter-intuitively, the weaker the support on the unloaded edge, the 
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greater the potential for an increase in the buckling load due to the moment 
gradient. 
n [ 
(a) hat section (b) channel section 
Figure 2 Section shapes 
Channel sections with unstiffened flanges such as that of Figure 2(b) are widely 
used in practice. Finite strip analysis (FSA) provides a means to examine the 
plate stability and member stability within one solution. Figure 3 gives a typical 
FSA result for a 9 in. deep, 4 in. wide C section (with t=0.04 in.) subject to 
bending moment. The y axis is a multiplier times the applied moment (load 
factor) which indicates the magnitude of the elastic buckling moment, and the x 
axis is the half wavelength in inches. 
It is the convention of the authors to term buckling modes that occur at half-
wavelengths greater than the largest dimension of the member in compression as 
distortional buckling. Thus, the "local buckling" of the fix-free and ss-free cases 
presented in Figure I would be termed distortional. Our definition of distortional 
buckling provides a necessary distinction for lipped channels, where local 
buckling does not involve translation of the fold-lines of a cross-section, but 
only rotation. The FSA results show that distortional buckling involves rotation 
of the compression flange about the web-flange juncture while lateral-torsional 
buckling involves translation and rotation of the entire section, without any 
distortion of the cross-section itself. Distortional buckling occurs at about a 10 
in. half wavelength, which is relatively long compared to the flange width. 
Therefore, the influence of moment gradient on the buckling of this section may 
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Figure 3 Finite strip result of the buckling of C section in bending 
Analytic Solution: Energy Method 
To investigate the influence of stress gradient on plate stability we will consider 
the buckling of stiffened (Figure 4) and unstiffened (Figure 5) elements via the 
Rayleigh-Ritz method. As shown in Figures 4 and 5, we consider unequal 
stresses applied at the ends to account for the influence of moment gradient on 
the applied stress for a plate isolated from the member. 
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Figure 4 Stiffened element subject to a stress gradient 
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Figure 5 Unstiffened element subject to a stress gradient 
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The Rayleigh-Ritz method has been widely applied to determine the buckling 
stress of plates. In this method, an assumed deflection function satisfying the 
boundary conditions is used in the expression for the total potential energy rr. 
The total potential energy is the summation of internal strain energy U of the 
plate during bending, and the work done by the external forces T. Classical 
solutions from thin plate theory (e.g. Timoshenko and Gere 1961) result in: 
rr=U+T (1) 
b a {[ 2 2)2 [2 2 [2 )2]} D OW OW OWOW OW U=-ff -+- -2(1-,u) --- - dxdy(2) 
2 0 0 ox2 cy2 ox2 cy2 oxcy 
t b R (Ol1J)2 (Ow)2 Ow ow] T = -- f () x - + () - + 2r x -- dxdy 2 ox y oy Yoxcy 
00 
(3) 
Using the principle of minimum total potential energy, the equilibrium 
configuration of the plate is identified by Equations (4). 
orr = 0 (i = 1, 2 .. . N) (4) 
Owi 
Equation (4) represents a system of N simultaneous homogeneous equations 
with Wi and load (J «Jrnax is used in present paper) as unknowns. For nontrivial 
solution of Wi'S, the determinant of the coefficient matrix of the system of 
equations must vanish. The lowest value of (Jrnax that leaves the determinant of 
the coefficient matrix to be zero is the critical load of the plate. 
Stress Gradient on Stiffened Elements 
Earlier work of Libove, Ferdman and Reusch (1949) considered the influence of 
stress gradient on a simply supported rectangular plate (ss-ss) of uniform 
thickness. The plate is shown in Figure 4. The distribution of compressive stress 
in the plate is assumed to be linear in the loading (longitudinal) direction. The 
difference between the compressive stresses at the two loaded edges is 
equilibrated by shear stresses along the unloaded edges. The Rayleigh-Ritz 
method is used to obtain the buckling stresses and a double Fourier sin series is 
employed as the assumed deflection function: 
M N 
" " . m1lX . n1l)l W= L..JL..J Wmn Slll--Slll--
m=! n=! a b 
(5) 
Via (4) the equilibrium equations are derived as Equation (6) (same as Equation 
All in Libove, Ferdman and Reusch 1949). 
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Revisiting their results we can provide Figure 6 and Table 2 to quantitatively 
demonstrate the influence of stress gradient on stiffened elements. It can be seen 
that the stress gradient increases the buckling load at the maximum loaded edge 




Figure 6 kmax vs. plate aspect ratio (lJ) for stiffened element 
Consistent with our intuition from Figure I, we can conclude that the influence 
of stress gradient diminishes quickly for local buckling of a stiffened element, 
but perhaps not as quickly as is generally assumed in design. The kmax values of 
Table 1 may be used to predict the increased local buckling stress due to the 
influence of a stress gradient, and for continuous beams where sharp moment 
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gradients are more likely to persist, the boost may be significant. We now tum to 
the more complicated and interesting problem of the stability of unstiffened 
elements under a stress gradient. 
Table 1 Numerical results of Kmax values for ss-ss stiffened elements 
~ -I -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 I 
1.0 18.oJ8 15.066 12.582 10.528 8.863 7.533 6.480 5.645 4.979 4.441 4.000 
1.2 14.721 12.750 11.063 9.628 8.410 7.375 6.497 5.751 5.119 4.585 4.134 
1.4 12.519 11.103 9.877 8.818 7.905 7.117 6.436 5.846 5.333 4.884 4.470 
1.6 10.963 9.884 8.935 8.100 7.364 6.712 6.128 5.597 5.105 4.640 4.202 
1.8 9.833 8.975 8.210 7.525 6.910 6.353 5.841 5.363 4.907 4.465 4.045 
2.0 8.993 8.291 7.656 7.082 6.558 6.079 5.635 5.215 4.810 4.405 4.000 
2.5 7.655 7.187 6.754 6.355 5.984 5.638 5.314 5.009 4.718 4.437 4.134 
3.0 6.893 6.549 6.227 5.924 5.639 5.368 5.109 4.858 4.608 4.341 4.000 
3.5 6.409 6.139 5.882 5.639 5.406 5.182 4.965 4.752 4.540 4.321 4.072 
4.0 6.073 5.851 5.639 5.434 5.237 5.045 4.858 4.673 4.486 4.284 4.000 
4.5 5.827 5.639 5.456 5.280 5.109 4.941 4.776 4.611 4.443 4.264 4.045 
5.0 5.638 5.474 5.315 5.160 5.008 4.858 4.710 4.561 4.408 4.243 4.000 
5.5 5.489 5.344 5.202 5.063 4.926 4.791 4.656 4.520 4.380 4.227 4.030 
6.0 5.367 5.237 5.109 4.983 4.858 4.735 4.611 4.486 4.355 4.213 4.000 
6.5 5.267 5.148 5.031 4.915 4.801 4.687 4.573 4.456 4.335 4.201 4.022 
7.0 5.181 5.072 4.965 4.858 4.752 4.646 4.540 4.431 4.317 4.191 4.000 
7.5 5.108 5.007 4.908 4.809 4.710 4.611 4.511 4.408 4.301 4.182 4.017 
8.0 5.045 4.951 4.858 4.765 4.673 4.580 4.486 4.389 4.287 4.174 4.000 
8.5 4.990 4.902 4.814 4.727 4.640 4.552 4.463 4.371 4.274 4.166 4.013 
9.0 4.941 4.858 4.776 4.694 4.611 4.528 4.443 4.355 4.263 4.160 4.000 
9.5 4.898 4.820 4.742 4.663 4.585 4.506 4.425 4.341 4.253 4.154 4.011 
10.0 4.860 4.785 4.711 4.636 4.561 4.486 4.408 4.328 4.243 4.148 4.000 
11.0 4.791 4.723 4.656 4.588 4.520 4.451 4.380 4.306 4.227 4.139 4.000 
12.0 4.735 4.673 4.611 4.549 4.486 4.421 4.355 4.287 4.213 4.130 4.000 
13.0 4.687 4.630 4.573 4.515 4.456 4.396 4.335 4.270 4.201 4.123 4.000 
14.0 4.646 4.593 4.540 4.486 4.431 4.375 4.317 4.256 4.191 4.117 4.000 
15.0 4.611 4.561 4.511 4.460 4.408 4.355 4.301 4.243 4.182 4.112 4.000 
16.0 4.580 4.533 4.486 4.438 4.389 4.339 4.287 4.232 4.174 4.107 4.000 
17.0 4.552 4.508 4.463 4.418 4.371 4.324 4.274 4.222 4.166 4.102 4.000 
18.0 4.528 4.486 4.443 4.400 4.355 4.310 4.263 4.213 4.160 4.098 4.000 
19.0 4.506 4.465 4.425 4.383 4.341 4.298 4.253 4.205 4.154 4.095 4.000 
20.0 4.486 4.447 4.408 4.369 4.328 4.287 4.243 4.198 4.148 4.091 4.000 
21.0 4.467 4.431 4.393 4.355 4.317 4.277 4.235 4.191 4.143 4.088 4.000 
22.0 4.451 4.415 4.380 4.343 4.306 4.267 4.227 4.185 4.139 4.086 4.000 
23.0 4.435 4.402 4.367 4.332 4.296 4.259 4.220 4.179 4.134 4.083 4.000 
24.0 4.421 4.389 4.355 4.322 4.287 4.251 4.213 4.174 4.130 4.081 4.000 
25.0 4.408 4.377 4.345 4.312 4.278 4.243 4.207 4.169 4.127 4.078 4.000 
26.0 4.396 4.366 4.335 4.303 4.270 4.237 4.201 4.164 4.123 4.076 4.000 
27.0 4.385 4.355 4.325 4.295 4.263 4.230 4.196 4.160 4.120 4.074 4.000 
28.0 4.375 4.346 4.317 4.287 4.256 4.224 4.191 4.156 4.117 4.073 4.000 
29.0 4.365 4.337 4.308 4.279 4.250 4.219 4.186 4.152 4.114 4.071 4.000 
30.0 4.355 4.328 4.301 4.273 4.243 4.213 4.182 4.148 4.112 4.069 4.000 
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Figure 7 Channel subject to moment gradient 
Consider a channel under moment gradient as shown in Figure 7. Distortional 
buckling ("local buckling" of the unstiffened element) of this channel may be 
considered by isolating the compression flange and modeling the flange as a thin 
plate supported on one unloaded edge, free on the opposite edge and loaded with 
unequal axial stresses, as shown in Figure 5. The web's contribution to the 
stability of the flange may be treated as a rotational spring along the supported 
edge. As discussed in Schafer and Pek6z (1999) this rotational support is stress 
dependent and may have a net positive or negative contribution to the stiffness 
depending on whether the buckling is triggered by buckling of the web first (net 
negative stiffness) or buckling of the flange (net positive stiffness). Our analysis 
here will focus on the case where the flange buckles before the web. The 
specific thin plate model examined is shown in detail in Figure 5. The difference 
between the compressive stresses is equilibrated by uniform shear stresses acting 
along the longitudinal supported edge. Shear stresses along the two compressive 
loaded edges are linearly distributed. Elastic rotational restraint from the web is 
also applied along the longitudinal supported edge. The strain energy due to the 
elastic restraint U2 needs to be included in the total potential energy U, resulting 
m: 
(8) 
where U1 is the strain energy due to the bending of the plate, Equation (2); and 
U 2 = ~ al (Bw)2 jdx ~l By y=O (9) 
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The unifonn shear stress at the edge y=O can be detennined by force equilibrium 
in the x direction, Equation (9) is the result. In addition, along the free edge no 
stress exists, Equation (10). 
(10) 
(11) 
Equilibrium is enforced by insuring LFx = 0, LFy = 0, LMo = 0 (about 
the origin). The internal shear stress distribution is assumed to be linear along 
the plate width and uhifonn in the x direction: 
Txy=O"max b(1:r)(I_~) (12) 
Assuming plane stress conditions, then equilibrium can be found: 





where the body force has been neglected. By substituting Equation (11) into 
Equations (12) and (13) along with the fact that O"xlx=o =O"min =rO"max, the 
compressive stresses can be obtained in functional fonn as: 
o"x =O"max[(1-;)X +r] 
O"y = 0 
Deflection function and boundary conditions 
(15) 
(16) 
The Rayleigh-Ritz method is an approximate approach and the accuracy of the 
results depends on how closely the assumed deflection function w(x,y) describes 
the true deflection. In general, the selected deflection function should satisfy the 
boundary conditions of the plate. For the model of Figure 5, a total of six 
boundary conditions are observed and stated below. 
Simply supported at the transverse, loaded edges: 
(w)x=o = 0 




Elastic restraint against rotation along one supported longitudinal edge: 
(w)y~O = 0 
One free longitudinal edge: 
D[83W+(2_,u) 83W] =0 





Due to the complicated boundary conditions, a single trigonometric (sin or cos) 
term is not appropriate to approximate the real deflection in either direction. 
However, the linearity of differential equations (19) to (22) imply that the 
N 
deflection function w(x,y) can be formed as L A; (y)B; (x) , where A; is a 
;=1 
function of y alone and B; is a function of X alone. If, for every i, A;(y)Blx) is 
compatible with all the bmmdary conditions, then the linear summation of each 
term A;(y)Blx) will satisfy the boundary conditions. In this paper, three different 
approximate deflection functions are proposed and examined. 
Deflection function 1 
. The first deflection function considered, Equation (22), is motivated by the work 
of Lundquist and Stowell (1942) who explored the buckling of unstiffened 
element subject to uniform compressive stresses. Lundquist and Stowell 
employed a trigonometric term in the longitudinal direction and a polynomial 
term in the transverse direction to establish the deflection function, as below: 
where A and B are arbitrary deflection amplitudes and Q] = -4.963 , 
Q2 = 9.852, and Q3 = -9.778 . The deflection curve across the width of the 
plate is taken as the sum of a straight line and a cantilever-deflection curve. The 
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values of a" a2 and a3 were determined by taking the proportion of two 
deflection curves that gave the lowest buckling stress for a fixed-edge flange 
with ,u=0.3. 
For the unstiffened element under a stress gradient, the single trigonometric term 
in the loading direction is no longer appropriate. We therefore use a summation 
of trigonometric terms in the longitudinal direction and polynomial terms in the 
transverse direction for the deflection function, Equation (23), where the values 
of a" a2 and a3 are same as Equation (22). 
The arbitrary amplitudes A and B are actually related to each other; the 
relationship can be obtained by substituting Equation (22) into boundary 
condition (19), resulting in 
B=~A 
2a3D 
Therefore, the deflection function, Equation (23), may be simplified as: 
(25) 
(26) 
The equilibrium equations can be constructed by substituting the deflection 
function into the total potential energy expression Equations (7) and taking the 
derivative of the function as Equation (4). The buckling stress (Jrnax is the 
minimum eigenvalue of the resulting matrix of equilibrium expressions. The 
size of matrix is N x N. 
It should be noted that deflection function 1 is not compatible with boundary the 
conditions, Equations (20) and (21). However, it was found to give reasonable 
results in the research done by Lundquist and Stowell (1942) and was thus 
considered here. 
Deflection function 2 
Unlike deflection function 1 which is based on a physical representation of the 
expected shape, deflection function 2 is a more general combination of 
polynomials and trigonometric functions. A fourth order polynomial is assumed 
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for the transverse deflection and a sin function for the longitudinal deflection as 
given in Equation (26). 
~ 2 3 4· 11TX N ~ ) (. ) W = f:t Wi CilY + Ci2Y + Ci3Y + Ci4Y sm---;; (27) 
The deflection function must satisfy all the boundary conditions. Therefore, the 
parameters c il ' c i2 ' C i3 ' Ci4 are determined by substituting Equation 26 into 
the boundary conditions of Equations (16) to (21), resulting in: 
where 
3 ·2 2b2 







The equilibrium equations can be constructed by the same method as described 
for deflection function 1, the buckling stress (om.x)cr is the minimum eigenvalue 
of the resulting N x N matrix of equilibrium expressions. 
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Deflection function 3 
As an extension of the second deflection function a third deflection function 
using a 5th order polynomial in the transverse direction was also considered: 
W= t[Wil ~ilY+ Pi2i + Pi3l + Pi4l )+WiZ (qill +qiZl +qi3l )]Si{i:) 
(35) 
where wi!' wi2 are arbitrary deflection amplitudes. The parameters P and 
q were determined by the boundary conditions. 
where 
Pil = 1 
S 
PiZ = 2D 
_ i 2Jr 2b S ( i 2Jr 2b2 2) i 2Jr 2b4M J 
Pi3 - P~k + 2k D P 2 - + P 2k 
a J J a a J 
Pi4 =MJ 
i 2Jr 2b5 b3 i 2Jr 2b4M 2 
qiJ = P 2 -20-+ P-----=2-~ 
a kJ kJ a kJ 
12b 2 M2 
kJ 
qi2 =M2 












5·2 2b 4 M =(2-) 11[ 
2 Jl 2k k 
a 2 3 
61 
The size of the resulting matrix of equilibrium expressions is 2N x 2N . 
Verification of three deflection functions 
(47) 
Finite element analysis using ABAQUS 6.2 was employed to examine the 
results of the previous Rayleigh-Ritz solutions. The S4R5 shell element was 
used for the thin plate with E=29500 ksi and {l=0.3. The element size is 0.1 in. 
x 0.1 in. The plate is simply supported along three edges, and free along one 
unloaded edge. The uneven load is equilibrated by shear forces acting along one 
simply supported edge, similar to Figure 5 . 
. Figure 8 shows the buckled shape for the case with r=0, a'710 in.,b=3 in., 
t=0.0333 in., and s=o kips-in/in. Table 2 provides the comparison of the 
analytical solutions (DF1, DF2, DF3) with ABAQUS results (FEM). In general, 
all three deflection functions give good agreement with the finite element 
results. Deflection functions 2 and 3 have closer results to the FEM, with 
average error less than I %. Deflection function 1 provides systematically higher 
buckling stress than the FEM results and the other two functions, and the error 
grows when the stress gradient effect is large or S is large. Since deflection 
function 2 provides both accuracy and reasonable computational efficiency, it is 
selected for further analyses. According to a convergence study of deflection 
function 2, the number ofterms to be kept in the expansions (and thus the size of 
the NxN matrix to be solved,) is selected via the following rules. 
alb<=IO, 
alb> 1 0 and alb<=20, 
alb>20 and alb<=40, 





(a) ABAQUS result (b) Analytical solution 
Figure 8 Buckling shapes of unstiffened element for stress gradient factor r = 0 
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Table 2 Results of numerical models with different deflection functions 
a b t S DFIIFEM DF2IFEM DF3IFEM r (in,) (in,) (in,) (kip-in/in) 
1 10 2,5 0,04 0 1.0011 0,9990 0,9979 
0.9 \0 2.5 0.04 0 1.0011 0.9989 0,9979 
0.7 \0 2.5 0.04 0 1.0015 0.9988 0,9977 
0.5 10 2.5 0.04 0 1.0023 0.9985 0.9973 
OJ \0 2.5 0.04 0 1.0035 0.9981 0.9968 
0,1 \0 2.5 0.04 0 1.0050 0,9976 0.9962 
Case I 0 10 2.5 0.04 0 1.0058 0.9973 0.9959 
-0.1 \0 2.5 0,04 0 1.0066 0.9971 0.9957 
-OJ 10 2.5 0,04 0 1.0085 0.9968 0.9951 
-0.5 \0 2.5 0.04 0 1.0107 0.9965 0,9947 
-0,7 10 2.5 0.04 0 1.0132 0,9963 0.9943 
-0,9 \0 2.5 0.04 0 1.0160 0.9963 0.9940 
-1 10 2.5 0,04 0 1.0196 0.9964 0.9936 
1 10 2 0.05 0 1.0034 1.0019 1.0009 
0,9 10 2 0.05 0 1.0035 1.0019 1.0009 
0,7 \0 2 0.05 0 1.0038 1.0016 1.0006 
0.5 \0 2 0.05 0 1.0044 1.0011 1.0000 
OJ 10 2 0.05 0 1.0052 1.0006 0.9993 
0.1 10 2 0,05 0 1.0060 0.9999 0,9985 
Case 2 0 \0 2 0.05 0 1.0065 0.9996 0.9982 
-0,1 \0 2 0,05 0 1.0069 0,9992 0.9978 
-OJ \0 2 0,05 0 1.0081 0.9987 0.9971 
-0.5 \0 2 0,05 0 1.0093 0.9982 0.9964 
-0,7 10 2 0,05 0 1.0108 0.9978 0.9959 
-0,9 10 2 0.05 0 1.0125 0,9974 0.9953 
-1 \0 2 0,05 0 1.0133 0.9972 0.9950 
1 10 3 0.0333 0 1.0004 0.9979 0.9968 
0.9 \0 3 0.0333 0 1.0005 0.9978 0.9967 
0.7 \0 3 0.0333 0 1.0009 0,9978 0.9966 
0.5 \0 3 0,0333 0 1.0019 0.9977 0.9965 
OJ \0 3 0,0333 0 1.0035 0,9974 0.9962 
0,1 \0 3 0.0333 0 1.0056 0.9972 0,9958 
Case 3 0 \0 3 0.0333 0 1.0068 0.9971 0.9957 
-0.1 10 3 0,0333 0 1.0081 0.9970 0,9955 
-0.3 10 3 0.0333 0 1.0110 0.9969 0.9952 
-0.5 \0 3 0.0333 0 1.0143 0,9970 0.9951 
-0,7 \0 3 0.0333 0 1.0181 0.9974 0,9952 
-0.9 \0 3 0,0333 0 1.0224 0.9979 0,9954 
-1 \0 3 0.0333 0 0,9931 0.9983 0,9955 
1 \0 3 0.0333 inf 0.9981 0.9979 0.9975 
0.9 \0 3 0.0333 inf 0.9991 0.9978 0.9974 
0.7 \0 3 0.0333 inf 1.0073 0.9969 0.9964 
0.5 \0 3 0.0333 inf 1.0205 0.9956 0.9951 
OJ \0 3 0,0333 inf 1.0363 0.9944 0.9938 
0.1 \0 3 0,0333 inf 1.0540 0.9933 0.9927 
Case 4 0 \0 3 0.0333 inf 1.0636 0.9929 0,9922 
-0.1 \0 3 0,0333 inf 1.0735 0,9926 0,9918 
-0.3 10 3 0.0333 inf 1.0947 0,9920 0.9911 
-0,5 \0 3 0.0333 inf 1.1176 0.9917 0.9907 
-0.7 \0 3 0,0333 inf 1.1421 0.9917 0.9905 
-0.9 \0 3 0.0333 inf 1.1684 0.9918 0.9904 
-1 \0 3 0,0333 inf 1.1822 0,9920 0.9905 
Average 1.0237 0.9971 0.9958 
Standard deviation 0.0427 0.0026 0.0026 
63 
Table 3 Numerical results of k values of ss-free unstiffened element mn 
~ -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 
1.0 4.765 4.298 3.841 3.402 2.992 2.621 2.299 2.025 1.796 1.606 1.447 
1.2 3.605 3.263 2.930 2.609 2.306 2.029 1.785 1.576 1.399 1.252 1.128 
1.4 2.894 2.631 2.375 2.127 1.891 1.673 1.477 1.307 1.163 1.041 0.938 
1.6 2.423 2.214 2.009 1.810 1.619 1.440 1.278 1.134 1.010 0.905 0.816 
1.8 2.093 1.921 1.752 1.588 1.430 1.279 1.140 1.016 0.906 0.813 0.733 
2.0 1.852 1.707 1.565 1.426 1.291 1.162 1.041 0.930 0.832 0.747 0.674 
2.5 1.465 1.363 1.264 1.166 1.070 0;976 0.885 0.798 0.718 0.647 0.584 
3.0 1.241 1.164 1.088 1.013 0.939 0 .. 866 0.794 0.723 0.655 0.592 0.535 
3.5 1.096 1.035 0.974 0.914 0.854 0.795 0.735 0.676 0.616 0.559 0.506 
4.0 0.996 0.945 0.894 0.844 0.794 0.744 0.694 0.642 0.590 0.538 0.487 
4.5 0.922 0.879 0.836 0.793 0.750 0.707 0.663 0.618 0.571 0.523 0.474 
5.0 0.866 0.828 0.791 0.753 0.715 0.677 0.639 0.599 0.556 0.512 0.465 
5.5 0.822 0.789 0.755 0.722 0.688 0.654 0.619 0.583 0.545 0.503 0.458 
6.0 0.786 0.756 0.726 0.696 0.666 0.635 0.603 0.571 0.536 0.497 0.453 
6.5 0.757 0.730 0.703 0.675 0.647 0.619 0.590 0.560 0.528 0.491 0.449 
7.0 0.733 0.708 0.683 0.657 0.632 0.606 0.579 0.551 0.521 0.487 0.446 
7.5 0.712 0.689 0.665 0.642 0.618 0.594 0.569 0.543 0.515 0.483 0.443 
8.0 0.694 0.672 0.651 0.629 0.607 0.584 0.561 0.537 0.510 0.480 0.441 
8.5 0.678 0.658 0.638 0.617 0.597 0.576 0.554 0.531 0.506 0.477 0.439 
9.0 0.664 0.645 0.627 0.607 0.588 0.568 0.547 0.525 0.502 0.474 0.438 
9.5 0.652 0.634 0.617 0.598 0.580 0.561 0.541 0.521 0.498 0.472 0.436 
10.0 0.641 0.624 0.608 0.590 0.573 0.555 0.536 0.516 0.495 0.470 0.435 
11.0 0.623 0.607 0.592 0.577 0.561 0.544 0.527 0.509 0.489 0.467 0.434 
12.0 0.607 0.593 0.579 0.565 0.551 0.535 0.520 0.503 0.485 0.464 0.432 
13.0 0.594 0.582 0.569 0.556 0.542 0.528 0.513 0.498 0.481 0.461 0.431 
14.0 0.583 0.572 0.560 0.547 0.535 0.522 0.508 0.494 0.478 0.459 0.431 
15.0 0.574 0.563 0.552 0.540 0.528 0.516 0.503 0.490 0.475 0.457 0.430 
16.0 0.566 0.555 0.545 0.534 0.523 0.511 0.499 0.486 0.472 0.456 0.429 
17.0 0.558 0.549 0.539 0.528 0.518 0.507 0.496 0.483 0.470 0.454 0.429 
18.0 0.552 0.543 0.533 0.524 0.514 0.503 0.492 0.481 0.468 0.453 0.429 
19.0 0.546 0.537 0.528 0.519 0.510 0.500 0.489 0.478 0.466 0.452 0.428 
20.0 0.541 0.533 0.524 0.515 0.506 0.497 0.487 0.476 0.464 0.451 0.428 
21.0 0.536 0.528 0.520 0.512 0.503 0.494 0.484 0.474 0.463 0.450 0.428 
22.0 0.532 0.524 0.516 0.508 0.500 0.491 0.482 0.472 0.461 0.449 0.428 
23.0 0.528 0.521 0.513 0.505 0.497 0.489 0.480 0.471 0.460 0.448 0.427 
24.0 0.524 0.517 0.510 0.503 0.495 0.487 0.478 0.469 0.459 0.447 0.427 
25.0 0.521 0.514 0.507 0.500 0.493 0.485 0.477 0.468 0.458 0.446 0.427 
26.0 0.518 0.511 0.505 0.498 0.490 0.483 0.475 0.466 0.457 0.446 0.427 
27.0 0.515 0.509 0.502 0.496 0.489 0.481 0.474 0.465 0.456 0.445 0.427 
28.0 0.513 0.506 0.500 0.493 0.487 0.480 0.472 0.464 0.455 0.445 0.427 
29.0 0.510 0.504 0.498 0.492 0.485 0.478 0.471 0.463 0.454 0.444 0.427 
30.0 0.508 0.502 0.496 0.490 0.483 0.477 0.470 0.462 0.454 0.444 0.427 
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Table 4 Numerical results of k values for fix-free unstiffened element max 
~ -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 
1.0 5.073 4.626 4.187 3.760 3.351 2.971 2.628 2.327 2.071 1.854 1.672 
1.2 4.024 3.702 3.386 3.077 2.776 2.490 2.223 1.982 1.770 1.587 1.432 
1.4 3.404 3.161 2.922 2.687 2.457 2.233 2.017 1.815 1.630 1.466 1.323 
1.6 3.012 2.820 2.632 2.448 2.268 2.089 1.914 1.742 1.578 1.425 1.288 
1.8 2.749 2.594 2.442 2.294 2.148 2.005 1.863 1.720 1.577 1.434 1.299 
2.0 2.566 2.437 2.311 2.187 2.067 1.950 1.834 1.719 1.601 1.476 1.343 
2.5 2.291 2.201 2.112 2.025 1.939 1.855 1.772 1.689 1.605 1.514 1.396 
3.0 2.139 2.067 1.996 1.925 1.854 1.781 1.705 1.623 1.532 1.424 1.299 
3.5 2.037 1.976 1.915 1.853 1.790 1.725 1.656 1.583 1.503 1.410 1.293 
4.0 1.961 1.907 1.853 1.797 1.741 1.682 1.622. 1.558 1.492 1.421 1.343 
4.5 1.901 1.853 1.804 1.753 1.702 1.649 1.594 1.537 1.474 1.402 1.299 
5.0 1.853 1.809 1.763 1.718 1.670 1.622 I.5n 1.518 1.459 1.390 1.287 
5.5 1.813 1.772 1.730 1.688 1.644 1.599 1.552 1.503 1.449 1.387 1.304 
6.0 1.779 1.741 1.702 1.662 1.622 1.580 1.536 1.490 1.439 1.382 1.299 
6.5 1.749 1.714 1.678 1.641 1.603 1.563 1.522 1.478 1.431 1.375 1.287 
7.0 1.724 1.691 1.657 1.622 1.586 1.549 1.510 1.469 1.424 1.371 1.293 
7.5 1.702 1.670 1.638 1.605 1.571 1.536 1.499 1.460 1.417 1.368 1.299 
8.0 1.682 1.652 1.622 1.591 1.558 1.525 1.490 1.452 1.412 1.364 1.288 
8.5 1.665 1.636 1.607 1.577 1.547 1.515 1.481 1.445 1.406 1.361 1.289 
9.0 1.649 1.622 1.594 1.566 1.536 1.506 1.473 1.439 1.402 1.358 1.299 
9.5 1.635 1.609 1.582 1.555 1.527 1.497 1.466 1.434 1.398 1.356 1.289 
10.0 1.622 1.597 1.571 1.545 1.518 1.490 1.460 1.428 1.394 1.353 1.287 
11.0 1.599 1.576 1.552 1.528 1.503 1.476 1.449 1.419 1.387 1.349 1.290 
12.0 1.580 1.558 1.536 1.513 1.490 1.465 1.439 1.412 1.381 1.346 1.290 
13.0 1.563 1.543 1.522 1.501 1.478 1.455 1.431 1.405 1.376 1.342 1.287 
14.0 1.549 1.530 1.510 1.490 1.469 1.447 1.424 1.399 1.372 1.340 1.291 
15.0 1.536 1.518 1.499 1.480 1.460 1.439 1.417 1.394 1.368 1.337 1.287 
16.0 1.525 1.507 1.490 1.471 1.452 1.432 1.412 1.389 1.364 1.335 1.288 
17.0 1.515 1.498 1.481 1.464 1.445 1.426 1.406 1.385 1.361 1.333 1.289 
18.0 1.506 1.490 1.473 1.457 1.439 1.421 1.402 1.381 1.358 1.332 1.287 
19.0 1.497 1.482 1.466 1.450 1.434 1.416 1.398 1.378 1.356 1.330 1.289 
20.0 1.490 1.475 1.460 1.445 1.428 1.412 1.394 1.375 1.353 1.328 1.287 
21.0 1.483 1.469 1.454 1.439 1.424 1.407 1.390 1.372 1.351 1.327 1.288 
22.0 1.476 1.463 1.449 1.434 1.419 1.404 1.387 1.369 1.349 1.326 1.288 
23.0 1.471 1.457 1.444 1.430 1.415 1.400 1.384 1.367 1.347 1.325 1.287 
24.0 1.465 1.452 1.439 1.426 1.412 1.397 1.381 1.364 1.346 1.324 1.288 
25.0 1.460 1.448 1.435 1.422 1.408 1.394 1.378 1.362 1.344 1.323 1.287 
26.0 1.455 1.443 1.431 1.418 1.405 1.391 1.376 1.360 1.342 1.322 1.287 
27.0 1.451 1.439 1.427 1.415 1.402 1.388 1.374 1.358 1.341 1.321 1.288 
28.0 1.447 1.435 1.424 1.412 1.399 1.386 1.372 1.357 1.340 1.320 1.287 
29.0 1.443 1.432 1.420 1.409 1.396 1.383 1.370 1.355 1.339 1.319 1.288 
30.0 1.439 1.428 1.417 1.406 1.394 1.381 1.368 1.353 1.337 1.319 1.287 
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Results 
Two unstiffened elements are investigated here, one where the supported 
longitudinal edge has no rotational restraint (ss-free) and one where the 
supported has infinite rotational restraint (fix-free). The plate buckling 
coefficient kmax for the elements subject to a variety of stress gradients is 
summarized in Table 3 for the ss-free case and Table 4 for the fix-free case. 
Figure 9 and Figure 10 give a graphic representation of the stress gradient effect 
on these two different unstiffened elements. For the ss-free unstiffened plate 
under uniform compression, the plate buckling coefficient k asymptotes to 
0.425. It is shown in Figure 9 that the stress gradient boosts the buckling stress 
at the maximum loaded edge greatly, especially when the plate aspect ratio (fJ) is 
less than 10. Similar results are observed for the fix-free unstiffened element in 
Figure 10, the buckling coefficient kmax converges to 1.287 (buckling coefficient 
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Figure 9 knoB> vs. plate aspect ratio (fJ) for ss-free unstiffened element 
Figure 11 shows the relation between the plate buckling coefficient kmax and the 
stress gradient factor r for ass-free unstiffened element. Figure 11 indicates 
that the increase in the plate buckling coefficient kmax can be assumed a linear 
function with r except for approximately square (JJ=I) plates. For design, we 
intend to provide simple empirical relations for kmax(r, fl, S) 
66 
O'n~ fix -----to-
=>--0--r -1 -----to- -----to-
-0.8 free 
-0.6 
r =g:: (}m~~ 7r 2D 
o ~ --+-L--J (O'mnx)cr =kmax -,-g:~ -- free hi 
r 0.6 
0.8 0" max fix 
1 => ::::r-l:= __ L--J_
free 
lL-______ L-______ ~ ______ ~ ______ ~ ______ ~------~ 
o 10 15 20 25 30 














- 55-free unstiffened element 








Figure 12 Comparison ofthe stress gradient effects (r=0) 
Figure 12 shows a comparison of the three different elements subject to a stress 
gradient with r=0 (compressive stress only acting on one edge). The y axis is the 
stress gradient solutions derived here, normalized to ko which is the solution for 
elements under unifoffil stress (no stress gradient, r=1). As shown in Figure 12, 
the stress gradient has the most influence on the ss-free unstiffened element. The 
plate buckling coefficient for the stiffened element kmax converges rapidly to 
approximately 1.1ko and then more slowly to 1.0 ko. For the ss-free unstiffened 
element kmax> I.Iko, even for fJ as large as 30. However, the fix-free unstiffened 
element is approximately the same as the stiffened element. The moment 
gradient influence on unstiffened sections (Figure 2b) can be expected to fall in 
the area between the curves of ss-free and fix-free unstiffened elements of 
Figure 12. If we compare to the section in Figure 3, if a moment gradient went 
from a maximum to an inflection point (M=O, r=0) over a length of 4 in. x 30 = 
120 in. (10 ft.) then one would expect a boost in the plate buckling coefficient of 
as much as 1.1 - if the moment gradient is sharper the boost would be greater. 
The significant influence on the unstiffened element, particularly in the case 
where the web provides little restraint, can make the moment gradient a 
considerable factor when one analyzes the buckling strength. These solutions 
suggest a reserve that may be relied upon in many loading cases, particularly 
with regard to unstiffened elements. 
Conclusions 
An analytical method to determine the buckling stress of thin plates subject to a 
stress gradient is derived and verified by finite element analysis. The results 
show that under a stress gradient, the buckling stress at the maximum loaded end 
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is higher than for the same plate under uniform compressive stresses. The 
influence of stress gradient on both stiffened and unstiffened elements was 
derived and quantified. Compared with the stiffened element, the unstiffened 
element exhibits a stronger dependency on the applied stress gradient and the 
dependency decreases more slowly as the plate aspect ratio becomes large (the 
plate becomes longer). Ignoring the moment gradient effect on plate stability 
leads to conservative predictions of the strength of thin-walled beams, 
particularly for members with unstiffened flanges where the web provides little 
restraint to the flange. The authors intend to seek simple empirical expression 
kmax(r, fl, S) for thin plates and help to further develop specification provisions 
that may include the moment gradient effect on plate stability of thin-walled 
beams. 
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Appendix. - Notation 
x, y coordinates of the plate, shown in Figure 4 
a plate length measured in compressed direction (x-direction) 
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b plate width 
/3 plate aspect ratio (/3 = ~ ) 
plate thickness 
(J min longitudinal compressive stress at less compressed end 
(Jmax longitudinal compressive stress at more compressed end 
r shear stress 








stress gradient factor (r = (J min) 
(Jmax 
the deflection normal to the plate at any point 
Young's modulus 
Poisson's ratio 
stiffness per unit length of elastic restraint 
plate flexural stiffness [D = Et 3 2 ) 
12(1- f1 ) 
buckling coefficient [ k = (J cr ~~~) 
buckling coefficient at maximum loaded edge k max = ((J max) ~ 
cr 1(2 D 
average buckling coefficient k av = ((J maJ ( 1 + r) tb22 
cr 2 rrD 

